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Linear theory of multistage forward-wave amplifiers
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A small-signal theory describing multistage gyro-traveling-wave tulggso-TWTS is developed. Multi-
stage configurations of gyro-TWTs as well as conventional TWTs seem to be attractive because of their
principal ability to operate stably with a high gain, since the stability can be provided by a shortening of each
stage while the gain increases with the number of stages. Two regimes of operation, far from cutoff and near
cutoff, are considered. In the former case, the equations can be reduced to those describing conventional TWTs
and free electron laser amplifiers. Thus a part of the results obtained is also valid for these devices. For
two-stage configurationgwo waveguides separated by a drift regitime effect of the difference in waveguide
cutoff frequencies on the gain and bandwidth is studied. This effect has a common nature with stagger-tuning
of cavities, which is widely used in conventional klystrons and gyroklystrons for bandwidth enlargement. The
trade-off in gain and bandwidth of such “stagger-tuned,” two-stage gyro-TWTs and TWTs is analyzed. Also,
the theory of two-stage gyro-TWTs with tapered waveguides and external magnetic field is discussed.
[S1063-651%99)05610-X

PACS numbd(s): 52.75.Ms

I. INTRODUCTION scribing a conventional TWT, part of our treatment is also
valid for linear beam multistage TWTs. Our paper is orga-
In recent years a strong interest in the development ofized as follows: In Sec. Il the equations describing opera-
high-power, large-bandwidth, millimeter-wave amplifiers tion far from cutoff and near cutoff are given, and an expres-
has been demonstrated. One of the most promising |arg§j0n for the small-signal gain is derived. Also in this section,
bandwidth amplifiers is the gyro-traveling-wave tulggro- ~ We discuss the formalism describing two-stage gyro-TWTs
TWT). As shown in Ref[1], even in a gyro-TWT with a with tapered waveguides and an external magnetic field.
uniform external magnetic field and constant dimensions of The derivation of equations describing gyro-TWTs with ta-
the waveguide in the interaction region, a 10% bandwidth inPered parameters is given in the Appengix Sec. Ill we
the Ka band at a power level exceeding 10 kW can be realPresent results of the study. In Sec. IV we discuss our results,
ized. However, as has been shown in many experiments, tH1d show how the results of the general theory expressed in
operation of these tubes can be susceptible to parasitic seffroperly normalized parameters can be used in concrete de-
excitation, which very often prevents high-gain, large-Signs and experiments.
bandwidth performancésee, e.g., Refd.2-4], and refer-
ences therein N _ Il. GENERAL FORMALISM
One of the means to overcome this difficulty is a two-
stage configuration, which implies two waveguides separated In the analysis of interaction between electrons and elec-
by a drift section. Each of these waveguides can be suffiromagnetic(EM) waves propagating in a waveguide, we
ciently short for preventing self-excitation. Such a schemewill distinguish two cases: operation far from cutoff, and
was shown, possibly for the first time, in Rég]. A little operation near cutoff. Operation far from cutoff implies that
later, an analytical study of the bandwidth properties of suclonly the forward wave propagates synchronously with elec-
a configuration with tapered waveguides was done in Refirons, while the backward wave, which may appear due to
[6]. A much more detailed numerical study of the large-some reflections of the forward wave from the exit, is non-
signal operation of these devices was carried out later at thgynchronous, and, therefore, its interaction with electrons
Naval Research Laboratofy,8]. The studies were followed can be neglected. In terms of the cyclotron resonance condi-
by successful experimental demonstration of operation in &on this statement means that for the forward wave the tran-
20% bandwidth with 25-dB saturated g&®y. (Note that, in  sit angle of electrons,
a certain sense, a severed circuit in which a sever is placed
inside the waveguide for suppressing parasitic self-excitation L
[10] can also be treated as a two-stage gyro-TWT. O=(w—kyv,—sQ)—, (1)
In spite of a relatively large number of studies of two- Vz
stage gyro-TWTs, a more or less general treatment of these
devices, to the best of our knowledge, has not been done yetoes not exceeds while for the backward wave, which has
In the present paper, we develop a linear theory which dethe opposite sign of the Doppler terrk,v,, this angle is
scribes a small-signal operation of multistage gyro-TWTsmuch larger than 2. This, apparently, corresponds to the
with untapered waveguides in the interaction region. Since irtondition|k,|L> 2, which implies many axial variations of
the limiting case of dominant inertial bunching the equationghe wave field along the waveguide lendthin Eq. (1) o
describing the gyro-TWT can be reduced to equations deandk, are, respectively, the wave frequency and axial wave
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number, ands, ands() are, respectively, the electron axial malized transverse wave numbeg=Kk, r =s«pB, /(1
velocity and the resonant harmonic of the electron cyclotron-hg,) is the normalized Larmor radius , and
frequency.
Operation near cutoff implies the excitation of waves with
; Ls
small axial wave numbersk,|L=<2, when the electrons
interact synchronously with both forward and backward

waves at the same time. Below, we will consider these twds the differential operator describing the transverse structure
cases separately. of the rf Lorentz force acting on electrons with transverse

coordinates of a guiding cent&randY; hereWV is the mem-

brane function which obeys the Helmholtz equation with

corresponding boundary conditionfd3]. For cylindrical
Omitting the derivation of corresponding equations whichyaveguides this functon can be written a¥

can be found elsewhelffd 1,12, let us present these equa- =J. (k r)exp(Fimg) wherem is the azimuthal index of

tions in the form describing the Changes in the electron €Nthe wave, and and(P are the po|ar coordinates. Correspond_

ergy and phase an(_j in_the wave a_mplitude glong the gxis qﬁg|y' Ls=J- (s=m)(k. Ro)exdli(sTm) o], whereR, and ¢

a gyro-TWT operating in a large-signal, stationary regime: are polar coordinates of the guiding center, and in(Bthe

coupling impedance of a thin annular electron beam to the

1
Ky

J a) s
R-FIW ‘P(X,Y)

A. Operation far from cutoff

d 1— s/2 ) g
d_\g: — %RG(FG_W). (2) Wwave is equal to
. J=s(KiRo) -
0 1 : =72 N2 "
a7 = Topw W AtSL-wT Him(Fe )}, (3 T M)
Herev=k, R, (whereR,, is the waveguide radiyss thepth
dF 1 (27 (1—w)5? ” root of the equationl;(v)=0, i.e., the eigenvalue for the
d_§__loﬂfo T—bw © déy- (4) TEq , Wave.

Let us emphasize that Eq$2)—(4) are valid for any

Herew=2[(1— hﬂzo)/ﬁfo][(yo— 7)1 y,] is the normalized waveguide section of a multistage gyro-TWT. These sections

variable describing the changes in electron energy along thg2n b€ characterized by different values of the paramsfers

axis of the deviceh=Kk,c/w is the normalized axial wave :jQ . A, a}ndb a;d' V&’Eat IS Crinf?St mgortglrf]ft, the boundary I(::on-
number; 3,5 and B, o are, respectively, the initial axial and itions forw, 6, andF are ditferent for different sections. For

orbital velocities of the electrons normalized to the speed of '€ Normalized energy and phase the bo.undary(%)nmnons at
light; v is the electron energy normalized to the rest energytN€ €ntrance to each section can be writterwgs;,”) and

and v, is its initial value determined by the beam voltage #(¢i7’) [here () is the stage numbgrwhich for the input

Vp: yo=l+eVy/m& In Egs. (2—4), (=[B%,(1 Waveguide yieldw®(0)=0, ¢Y(0)=6,<[0;2m). The
—h2)/2B,4(1—hB,) (wz/c) is the normalized axial coor- boundafy cpndlltlon for the wave gmplltude_ in the input
dinate, parameten=h2 ,/28,0(1—hp,0) characterizes the Waveguide isF(Y)(0)=F, whereF, is determined by the
changes in the electron axial velocity with the change in"Put power of a signaffor details, see, e.g., Réfl4]), in all
electron energythe so-called “recoil effect), 6 is a slowly ~ Other well-matched sectiong(¢{’)=0. Certainly, in the
variable gyrophase of the resonant cyclotron harmonic wittffase of reflections the latter co_ndition should be modified.
respect to the phase of the forward wade=s(fjQdr’ In the frame of the smz_iII-S|gnaI theory, the EM wave
+¢)— (wt—k,2) (hered is the gyrophase at the entrapce CaUSes only small perturbations in electron energy and phase,
A=[2(1- hBZO)/BiO(l_ hz)][l— hB,0—s(Qo/w)] is the !.e.., in Egs.(2)—(4) W=Wq) and 0= ,0(0)+ 01y - Here sub-
initial cyclotron resonance mismatgtecall that the ternw  indices(0) and(1) denote zero- and first-order terms, respec-
in figure brackets in E¢(3) describes the relativistic effect of tVely: andf)=6(0)—A{. Therefore, linearizing Eq2)—
changes in electron cyclotron frequency due to electron en With respect to these perturbations and introducing

ergy modulatio, and 11 fzﬂ gy 1 1 fZﬂg gy
W=—— W(q)€ , =— — e ,
o A 2(1-hB,)? a7t ) ; Fo2m)o ~ Y 0 Fo2mJo " 0
T mcw  yBiok®  (s—1)12°7° ©) .
. . . . . F=—¢, (8)
is the normalized wave amplitude for the wave with electric Fo

field, E=ReAZE(F,)é“ 2}, So the axial dependence of

the wave envelopé(z) determined by Eq4) describes the one can reduce Eq$2)—(4) to the following set of equa-

wave amplification. In Eq(4), tions:
- dw .
el, 1 (1—h,320)3 a5l ]2 dw_ o ©
T gty s przs| G © dZ
is the normalized beam current paramethgy i€ the beam _~: B ~ 3”‘
curren). In Egs.(5) and(6), k=k, c/w=\1—h? is the nor- dz (1=bA)w+ o F, (10
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dF s : =
- Dl Z_pnl (n) _ & rr(n)
a7 iAF= |0(|9 (2 b)w]. (11) Z,l CW=F(M). (19

For perturbationsv, 8, andF, whose axial dependence can Recall that all perturbations are normalizedHp. Therefore,
be given as expl'¢) (wherel is the wave propagation con- in the input waveguideE(0)=1.
stant in the presence of the be)amnese equatlons yleld the Equat|ons(17) (19) form a set of linear inhomogeneous
known dispersion equatioiil,12,15-17 algebraic equations Whicrz ?an easily be solved; i.e., the am-
2 B plitudes of partial wave€|™ can be expressed via the de-
(F=A)(I"+1ob) =slol'+10=0. (12 terminant and subdeterrrtinants of these equations. Coeffi-
cients in these equations depend@®, which are the roots
of Eqg. (13) for the nth stage. Note that for each successive
stage of the device the boundary value for the energy
WM (M) (heren=2 is the stage numbkis equal to the
energyWw(" V(D) at the exit from the previous stage;
Y2 (y—6)+1=0, (13  here gf)’fnv&) is the normalized distance at which the (
—1)st waveguide ends. The boundary condition for the
which |s the standard dispersion equation for conventronabhaseg(n)(g(n)) takes |nto account also the effect of ballistic

first, that this normalization corresponds to multlplylng the

; ; ; 1/3 ; % o B
normallrlzged axial coordlrrate by I5°, and, second, that this (Mg (n)) - 1)(§S3Trt,v3))+w(n 1>(§gr:mv3))(§<n) é“f)rfn,v&))-
valuel;” and the detuning apparently play here the same 20
role as, respectively, the Pierce gain paramé&eand the (20
parameteb in the theory of conventional TWTEL9]. Also  The wave amplitude at the exit from the device,
note that the transition from E¢L2) to Eq.(13) corresponds

to reducing Eqgs(9)—(11) to

As shown in Ref[18], when the normalized beam current
parameterl , is small, we can introduce/=T/13" and &
=A/1$3, and, ignoring the terms proportronallt@f3 reduce
Eq. (12 to

3
2 N) g7 (Zoul = ¢in )

dw 2
a F, (14
(whereN is the number of the final stagedetermines the
~ gain
de
d—é,, =W, (15 3
G=20 Iog[ IE cMein" o2 ] (21)
~ =1
dF . ~
d_g’_'g':__'a' (16) Above, we described the method of solving E¢s4)—
(16). Certainly, Eqs(9)—(11) can be solved in a similar man-
Here ' =133, w=w/13®, andF=F/123, ner.
Since we are dealing with the cubic dispersion equation
(13), which has three roots, we can represent these perturba- B. Operation near cutoff
tions as In the case of operation near cutoff, both forward and
3 3 3 backward waves can be excited by electrons. Superposition
~:E Aleiylg" @:E Bleiylg" I§=E Cleiy|§” of these waves having the same, fixed transverse structure
=1 =1 =1 forms an eigenmode of such a circuit. Therefore, instead of

. . . considering a forward wave propagating along the axis with
and from Eqgs(14) and(15) establish the following relations the axial wave numbek,, it is necessary to consider the

between coefficients, B, andC;: field whose axial structure in a waveguide excited near cutoff
] frequency is determined by an electron befdy?20]. Corre-
A =I—C B :ic spondingly, instead of Eq$2)—(4), one should use a self-
oy T T2 consistent set of equatiortsf. Ref. [5]).
Correspondingly, the boundary conditions for thié stage d_W: o(q_nsl2 —ig
can be rewritten as d¢ 2(1=w)="Re(fe™™), 22
: do
2 =g, (17 a WO ATSL-wT imfe ), (23
3 2
1 (o ) — 1 (2= _
c(M=Tg - 2 i1 _\n)\S/240 0
2 2 © (L™, (18) g thir=ilo | -welde,. (24
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Equations(22) and(23) represent, respectively, Eq®) and  Note that the fourth order of Eq30) corresponds to our
(3) reduced for the case of sm&l}; correspondingly, now consideration in which not only two cyclotron beam waves
w=(2/82 ) (vo—Mvol, 0=s(JiQd7' +¢)—wt, ¢  butalso forward and backward waveguide waves are taken
=(ﬁfo/2,3zo)(w2/0), b=0, and A=(2/Bfo)(1—590/w)- into account, in contrast to the treatment of operation far
n from cutoff done in Sec. Il A, where the interaction between
electrons and backward waves was neglected as nonsynchro-
ous.
When the beam current parameter is small enougft (
<1) we can introducey=T/1"4 s=A/IY4 andh=h/I"*
By and, ignoring small terms proportional td’4 reduce Eq.
7, lo- (29 (30 to
€L

Equation (24) is a string equation in whichh
=(2Bx/B%,)h is the normalized axial wave number, and
is the normalized beam current parameter which does n
depend orh and relates td, given by Eq.(6) as

|=4h

20,2 2_R2\ —
Note that our limith— 0 will also cause some simplification Yy —28y+ &6 —h9)=1. (31)

in Eq. (6) which determines, . Also note that the terh”in  Thjs simplified dispersion equation corresponds to reducing
Eq. (24) characterizes a small departure from cutoff; how-gqs. (27)-(29) to the equations

ever, the field excited near cutoff cannot be associated with

one given axial wave number: after making a Fourier trans- dw _
form, this field can be consider¢d3] as a superposition of d_g’: —f, (32
plane waves with sma(positive and negatiyek,’s having a
width of thek, spectrum of the order of L/ whereL is the 4%
waveguide length. — =W, (33
In the frame of the small-signal theory, we can again lin- d¢’
earize these equations with respect to perturbations caused . .
by a small amplitude field, and, introducing d’f o df o~
F_Zléd_g/—’_(h —6)f=—-0, (39
W:iijzww e%dg ~0=3if27r9 e'%de,
fo2m)o Y o fo2m)o O Wwhereg' =14 i=/1Y andf=F/112
In the case of exact cyclotron resonanée; 0, Eq. (31)
~ yields two roots
f=_—e (26)
1:O l‘=]2 271/2 ﬁz 1/2
(wheref, is the field amplitude at the entrance to the first Y127 i'( 7 } B 7} (35
waveguide, reduce Eqs(22)—(24) to the following set of
equations: which correspond to the growing and decaying partial waves
and two other roots,
dw .
d—g:—f' (27 . A2 21112 72 112
v3a=E) |1+ 5 AR
doe s _ ,
d_g =W-iz f, (28  which correspond to two constant amplitude waves propagat-

ing along the axis with slightly different phase velocities. As
. - follows from Eq.(35), the maximum growth rate occurs in
d_];_ZiAﬂJr(Fz_Az)?:” (i'é— EW). (29) the case of c_)pergtion at the cutoff freql_Jenct_y—(O). Its
d¢ d¢ 2 value y,,=1 is a little larger than the maximum growth rate

_ normalized tol}” in the case of operation far from cutoff,
Here Eqgs(27) and(28) are essentially the same as E@.  \yhich, as follows from Eq(13), is equal tov3/2 [19]. The
and (10), respectively, while Eq(29) is more complicated gifference between these two normalizations of the growth
than Eq.(11). Note that the ternh®— A2 in Eq. (29) can be  rate will be discussed below.

represented as Coming back to Eq(31), let us note that this equation is
more complicated than Eq13), not simply because the

4 (0— K0 — 500) 0+ K0 — SO0 former is quartic while the latter is cubic, but also because
Bhow? zh20 =70 zh20 =Rk Eq.(31) contains two parametefs andh) instead of the one

detuning § in Eq. (13). This corresponds to the above-
which is the product of cyclotron resonance detunings formentioned necessity of considerifig the case of operation

forward and backward components of the field. near cutoff cyclotron resonance with both forward and back-
For perturbations, 8, T~exp(l'?), Eqs.(27)—(29) yield ~ ward waves. N o
the fourth-order dispersion equatip?i] Representing the field af;Ef‘ZIQe' 7¢ we can again

o find the amplitudes of partial wave§,;, from equations rep-
I'2(I'2—2AT' —h?+A?)+sI'—1=0. (30)  resenting the boundary conditions. For the electron energy
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P, Pout play the same role as stagger tuning of eigenfrequencies in
LW / the cavities of conventional klystrori22] or gyroklystrons
€-beam e [23].

C. Two-stage gyro-TWT with tapered parameters

FIG. 1. Schematic of a two-stage device with attenuators. As mentioned in Sec. I, one of the most promising

schemes for wide-band operation is a two-stage gyro-TWT,

and phase the boundary conditions are the same as befofg.\yhich cross sections of the input and output waveguides
For the field, we should also add the condition for the field;5 \well as the guiding magnetic field vary along the axis.

derivative to the boundary condition for the field amplitude g,ch 4 scheme was studied in Ré8-9]. As mentioned in
at the entrance to each sectidf)(0)=1, f"™1(({M)=0.  Ref.[6], when the tapering of the waveguides and the mag-

For the first stage, the ingoing boundary condition is netic field are matched in such a way that in any cross sec-
tion the electron cyclotron frequendpr its resonant har-
dfv 4 ~ monic) is equal to the cutoff frequency of the operating
— =i fPcV=—in®, (36)  wave, the system may exhibit a very broadband operation. In
d¢ o =1 this case the interaction is the most efficient in the wave-

guide sections where the frequency is close to cutoff and the
[In the right-hand side of this equation, we took into accountrequency tuning just shifts these interaction regions along
that?l)(O)zl.] For the output waveguide we should use thethe axis. So the bandwidth of such a device is mostly re-
outgoing boundary condition stricted by the electron velocity spread, whose effect in-
creases as the distance between interaction regions grows.
For describing the operation of this device one again can
= _iﬁ<N)FN>(§63t\l>), use Egs.(22)—(24) in which now the cyclotron_resonance
AN mismatchA and the normalized axial wave numbedepend
on the axial coordinaté. In the frame of the small-signal
theory these equations can be reduced to one integrodiffer-
ential equation,

df™)
dz’

which can be rewritten as

4
- NN (N d’ (¢ ‘(e
;l(vf’“)Jrh(N))ch)e'yl Go=én)=0. (37 W+h2f=lr*{|5fofrd§’+Jo JO frdgrde’

(39

So, for instance, in the case of a two-stage gyro-TWT, the _ g , . . .
coefficientsC(!) for the input waveguide are determined by " Which r=expiijgA dZ’}. Note that introducing the vari-

~ I _ A ’_ T —ah Coni
Egs. (17) and (18) [in which ii(0)=8(0)=0], [Eq. (36)], ablesl’=s"l, ¢'=¢/s, andh’=sh allows one to eliminate

— ) from Eq. (38) the harmonic numbes [5].
(1) _v4 (1) — - . g .
a}[‘f?'f (0)?2)2':103 =1 Fordthl;e output wavedgwde th_ehco To solve Eq(38) is rather difficult. Also, the axial depen-
efficients C;* are determined by Eq¢17) and (18) wit dence ofh and A does not allow one to use the simple

nonzerow(¢i{*) and 8(£?) [Eq. (37)] and f&(®)  tormalism used above for solving Eq@)—(11), (14)—(16),
=0. When the waveguides are ended with some attenuato[7)—(29), and(32)—(34). Therefore, it was suggested in Ref.
absorbing the microwave power propagating through theg] that the system be analyzed by using the specified-field
waveguide, any of these waveguides can be subdivided intgpproximation in the input waveguide and the specified-
two parts, as shown in Flg 1. In the first par’[, which does nOhurrent approximation in the output Waveguide_ This as-
contain a lossy dielectric, the amplitudes of partial waves caBumption was also used in R¢8], where the derivation of
be found in the same manner as in the output waveguidghe expression for the efficiency was shogm contrast to
(i.e., with the outgoing boundary conditiprFor the second Ref.[6], where the derivation of this expression was omitted
part, which contains a lossy material, we can use the ingoingompletely. Since an expression for small-signal gain was
boundary condition for the wave amplitude and the dispergerived in none of these references, we describe this deriva-
sion equatior(31), in which the parameter proportional to  tion in the Appendix. The resulting expression for the small-
the axial wave number is complex in the presence of attenusignal gain in the case of linearly tapered magnetic field and
ation. Certainly the same method can be used for analyzing waveguide radius is:
multistage gyro-TWT operating far from cutoff. The gain
can be determined by the same E2j), in which the sum- 4I(22)§§rv2(7-1)v2(72)
mation should be done now over four partial waves. G=10log (27) BB m : (39
Before closing this subsection, let us emphasize again that 7@
the stages may have different parameters. For instance, there | , is the normalized beam current parameter deter-
difference in transverse dimensions of waveguides changegined by Eq.(25) for the output waveguide, is the effec-
the axial wave number in each section. Therefore, the deturjve drift length which can be determined as the normalized
ing A in Eq. (12) [or &, h, andh in Egs.(13), (30), and(31), distance between cutoff cross sections in two waveguides,
respectively can be specific for each stage. In a certainy={c2)— {c1), V(7) is the Airy function whose argument
sense, for the bandwidth of the device this difference mays equal to
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51/3 A o 20 40
= | AT am)- 40
30
Here, as in Eq(39), the coefficientsxr andm characterize the —_
slopes of the waveguide radius and external magnetic field in 8
each waveguide, respectively; as shown in the Appendix, £ 20
these coefficients correspond to representation of the normal-
ized axial wave number in Eq&24) and(38) as 10
_2 —
h(n):(_l)na(n)(g_gc(n))a o
. 8 6 4 2 0 2
and the cyclotron resonance mismatch as )
Cyclotron resonance mismatch, 3
A(n):AC(n)"”(_ 1)nm(n)(§_ gc(n))- FIG. 2. Gain as a function of the cyclotron resonance mismatch

) . . in the input waveguide for several values of the detuning param-
Here the indexn) denotes the waveguide sectiam<1 and  etera,, characterizing the difference between such mismatches in
2), and Ay, is the cyclotron resonance mismatch for thethe input and output waveguides.

cutoff cross section of theth waveguide. Note that when the

magnetic field tapering corresponds to the tapering of th@hange of sign oft 4 does not affect the results, since in the
waveguide wall, this mismatch,) does not depend on the frame of the linear theory both stages play a similar role in
operating frequency. Then the only frequency-dependenfie ampiiication process. For the gain curves shown in Fig.
term in Eq.(39) is {g={c(2)~ {c(1), Since the cutoff cross 5 1he change of sign af 4 from plus to minus causes only
section is determined by the frequency. This may lead to @nift of the curves to the region of larger detuningys

very broadband operation. As pointed out in Ré}, in such The resulting dependence of the maximum gain and band-

a device the bandwidth can be restricted by the effect ofyiqih (the latter is expressed in terms &fon the detuning
velocity spread on transit angles through the drift regionsparametent 4 is shown in Fig. 3 for the same lengths of all

Some estimates done in RE8] for realistic values of spread gections. Note that, as the drift section length increases, the
predicted a 7% bandwidth; also, some calculations done i@econd peak in the bandwidth increases and narrows. This
Ref. [8] showed the possibility of operating in a 27% band-y onqwidth increase can be explained by the enhancement of
width, which is consistent with the 20% bandwidth experi-gjeciron ballistic bunching in the drift region. The narrowing
mentally demonstrated in Ref]. of this peak follows from the fact that with an increase in

Note that without making an assumption about theqyitt section length the difference between maximum and
specified-field and specified-current approximations in th&yinimum values of the gain, like the ones shown in Fig. 2

input and output waveguides, respectively, one can also dgar A =48 grows. So, in the limiting case, it is possible to

velop a small-signal theory of these devices. However, fOkinq ,ch values ol 4 and drift section length for which both

this gene_ral case the theory will be much more com_plic_atedpe(,ikS are equal and the minimum gain between these peaks
Even a simple attempt to take electron phase bunching in the just 3 dB smaller than these maxima. Certainly, in this

waveguides into account makes it necessary to integrate Aieriting case, any variation ik, will make the gain devia-

_functions, which cannot be done analytically, although thes"Eion larger than 3 dB, thus reducing the bandwidth. Note that
integrals are tabulated elsewheas]. in the region of such a narrow peak, the gé@i.4 dB is
much smaller than foA 4=0, whenG=38.5dB. Therefore,

ll. RESULTS in terms of the gain-bandwidth product, it is preferable to
We have studied two-stage traveling-wave amplifiers op> perate in the V'C'n'ty. of the first peak: for !ngtance, g
erating both far from and clogse to cutof? regimes. '[I?he operg—_ 0, 2.75, and 4.8, this produghen the gain is expressed
tion far from cutoff is illustrated by Fig. 2, which shows the
dependence of the gain on the frequency detuning for a sys-
tem described by Eq$13) and (17)—(19). The calculations
are done for the normalized lengths of the first and second
waveguides equal t@.(?)— ¢/ P=D— 1 D=3 and the
normalized length of the drift sectiaff(?’— ¢,(’=2.5. The
detuning é shown along the horizontal axis in Fig. 2 is the
detuning in the first waveguide. The detuning in the second
waveguide is represented 8s= 6+ A4, whered stands for
detuning, so thia 4 describes the difference in parameters of
two stages. As is seen in Fig. 2, Ag increases, the gain
becomes smaller; however, the bandwidth can be increased,
first, when the gain curve becomes flat, as shown AXgr
=2.75, and second, when the gain curve exhibits two peaks
of approximately the same amplitude with a relatively small  FIG. 3. Maximum gain and normalized bandwidth as functions
valley between them, as shown fdy=4.8. Note that the of the detuning parametey,.
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w
=

Maximum gain (dB)
Normalized bandwidth

[
[%3

20
0

Normalized detuning, A N



PRE 60 LINEAR THEORY OF MULTISTAGE FORWARD-WAVME . .. 4817

0.8 analysis was done for the case of interaction in both stages at
g the fundamental cyclotron resonand®ecall that, in the
07 & theory of gyrodevices, thel-type effects in electron bunch-
2 ing and coherent radiation and absorption are associated with
05 § a “direct” action of the wave upon electrond3,15,1§.
E Such a bunching occurs only in the process of interaction, in
05 & contrast toO-type effects caused by the relativistic depen-
E_ dence of the electron gyrofrequency on its energy. The latter
04 g effects leading to electron orbital bunching may proceed in a
drift region that is free from microwaves after initial modu-

15 04 08 12 o3 lation of electron energies in the input stage of the device.
In the rest of this section we present the results of the
study of near cutoff operation. The roots of E81) are

FIG. 4. Maximum gain and normalized bandwidth calculatedshown in Figs. ), 5(b), 5(c), and 5d) for h=0, 1, 2 and 3,

with the account foM-type interaction effects. respectively. As follows from these figures, the increade, in
) . o which means a departure from cutoff operation, reduces the
in dB and the bandwidth i) is equal to 58.5, 70.2, and growth rate of the growing wave, and simultaneously

57.3, respectively(Below we will discuss the correspon- gyretches the region of cyclotron resonance mismatches in
dence betweed and the real bandwidth. which the amplification occurs.

The results shown in Figs. 2 and 3 are valid for the linear The operation of the gyro-TWT with two identical
beam TWT and the gyro-TWT, in which some small terms,,4\equides is illustrated by Figs. 6 and 7. In Fig. 6, the gain

; 113 ; i =
proportional tol 5 are ignored. To check the importance of curves are shown for several values of the paranfeténe

these terms for gyro-TWT operation, we have studied a more : . WD) (1)
complete set of equations, i.e., E§2) and boundary condi- normalized lengths of the sections are equajgﬁ i

tions for, 3, andE, which follow from Eqs.@—(11) for %o~ én =25 and Ly={"—(oiP=1. These gain
|IOE% 853\?21 _I_’hf.in I’ W :‘IC (.)"%W rorp ?Sd(b)_l( )Tﬁr curves, as well as those which are not shown in Fig. 6, dem-
0~ (This value ofl will be motivated be C.W' €  onstrate a strong dependence of the gain and bandwidth on
results are shown in Fig. 4, which is similar to Fig. 3. Note

that the normalized detuning along the horizontal axis and"€ Parametem: the device exhibits a low-gain, large-
the bandwidth shown in Fig. 4 correspond, respectively, tdandwidth operation wheh is smaller than 0.6, close to 1,
the detuning and bandwidth shown in Fig. 3, multiplied byor between 1.5 and 1.9, while hAtof close to 0.75, in the
Ié’320.286. Both figures are very similar; however, the ef-region of 1.15-1.4, and between 1.9 and 2, the gain is high
fects of M-type interaction[13,15,1§ ignored in previous and the bandwidth is narrow. These results are summarized
analyses leads to a certain degradation in gain. The lattén Fig. 7, which shows four sharp peaks in the gain as a

Gyro-TWT normalized detuning

6 6
Re(x)
4 4
Re(x)
2 Im(x) 2 Im(x)

. MM
el

4 4
% > o N PR 2 0 2 4 FIG. 5. Roots of the dispersion equation de-
. . scribing the operation near cutoff; circles show
(a) Cyclotron resonance mismatch, 8 (c) Cyclotron resonance mismatch, & growth rates, solid lines show propagation con-
p p stants.(a), (b), (c), and (d) correspond, respec-
tively, to a normalized axial wave numbér
4 Re(x) 4 Re(x) equal to 0, 1, 2, and 3.

5 Im(x) 2 Im(x)

LS

3
4 2 0 2 4 2 0 2 4

(b) Cyclotron resonance mismatch, & (d) Cyclotron resonance mismatch, &
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Cyclotron resonance mismatch, & (a)
FIG. 6. Gain as a function of the cyclotron resonance mismatch 70 : : — 5
for the case of operation near cut-off in a two-stage gyro-TWT with
equal cutoff frequencies of both waveguides. 4=
[=]
function ofh and the large bandwidths in the valley between 3§
the first two peaks and in the valley between the last two g
peaks. Note that the largest gain-bandwidth product corre- 2§
sponds to the operation in the first valley. ; g
The effect of “stagger tuning,” i.e., the operation of two
waveguides at different values bf is illustrated by Figs.

8(a) and &b), which correspond th=0.6 and—0.6, respec- (b) ! Normaﬁzljg axial wafe number?ﬁs

tively. Hereh=h®—h®. These figures look very similar to
Fig. 7, although the curves are shifted along the horizontal FIG. 8. Maximum gain and normalized bandwidth as functions
axis, which shows the value ¢f(V, corresponding to the ©f the normalized axial wave number in the first waveguit@),

~ . . indh=hR® _ [t _
value off. In all three cases the maximum values of the gainfor & detuningh=h(®—h(%) equal to 0.6(8) and —0.6 (b).
in sharp, narrow peaks are about 50—60 dB and the decrease

in the gain is usually accompanied by an increase in theince in our calculations we ignored this effect, the band-
bandwidth. Note that the maximum bandwidth correspondsyidth shown in Figs. 7 and 8 should be considered only as an
to h=—0.6; see the first valley in the gain curve shown inillustration.
Fig. 8b). Also important are plateaus in the bandwidth
shown in Figs. 7 and (8) for relatively large axial wave
numbers. These plateaus are important since the frequency IV. DISCUSSION
deviation within the bandwidth causes some changes in the
axial wave nu_mber. So, strictly speaking, CO“_“?Ct calt;ulations Let us discuss the relation between the normalized param-
of the bandwidth would be done for the specified ratio of t.h.eeters used in our treatment and the real parameters of con-
carrier frequency to the cutoff frequency a_mq for the Spec'f'ccrete devices. Consider a two-stage gyro-TWT operating at
electron cyclotron frequency. Then variation of the fre-the fundamental cyclotron resonance, in which aTEave
guency within the bandwidth should be taken into account in L . . : ' L
. . = of cylindrical waveguides is excited by an 80-kV, 2-A elec-
the detuningd and axial wave numbeh, simultaneously. tron beam with an orbital-to-axial velocity ratio ef=1.3.
Assume that a thin annular electron beam has a radius cor-
responding to the maximum coupling to the,[ave at the
fundamental harmoni¢in Eq. (7), k, Rp=1.84]. For the
coupling impedance given by E@7) this yields the value
Gp=0.42. The velocity components for a given beam volt-
age anda=1.3 are approximately equal t8, ;=0.4 and
B,0=0.3. Correspondingly, the normalized beam current pa-
rameter| present in Eqs(24) and (29) is equal to 0.0177,
and the normalized current parametgr, which is deter-
mined by Eq.(16), is equal to 0.00234/ So, for instance,
when the axial wave number is equal to W1€), Ig
ol w . L =0.0234, and ¥, which plays the role of the Pierce gain
O‘sNorma”Z;doaxial Wav;'ﬁumber 52'0 parameter, is equal to 0.286. This is just the value used in
' calculations, the results of which are shown above in Fig. 4.
FIG. 7. Maximum gain and normalized bandwidth as functionsNote that in the case of operation near cutoff, the role of the
of the normalized axial wave numbérin a two-stage gyro-TWT  Pierce gain parameter is played b, which in our ex-
with equal cutoff frequencies of both waveguides. ample is equal to 0.365. These powers of normalized current
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parameters also determine the growth rates of the waves imhich is the radius of a straight section between two tapered
the cases of operation far from and close to cutoff. waveguides;L, is the length of the first waveguidd;,

Let us start by considering operation far from cutoff in the — L, is the length of the straight section; ahg,; designates
case of exact cyclotron resonance. Equatip8 for A=0  the end of the output waveguide. Also in H&1), {) is
yields the maximum growth rate Im=v3/2, which for the the coordinate of the cutoff cross section, which depends
propagation constarif present in Eq(12) corresponds to on the operating frequencies{c(l)=(BfO/Z,BZO)[w(Rm
ImI'=(v3/2)15°~0.25. This means that the exponential — vc/w)/ag)c] and  Loo=E@+ (B o/2B.0)[w(vclw
growth of the wave occurs at distangg,,~(Im I 1=4, — Rin)/ az)C].
which corresponds td_,,/A=2.4. Note that the results The tapering of the magnetic field in the case when we
shown in Figs. 2 and 3 correspond to the distance multiplietkeep the cyclotron frequencyor its resonant harmonic
by 13”; i.e., the normalized length of each waveguide takerequal to the cutoff frequency for any should correspond to
equal to 3 in those calculations is 2.6 times larger than the¢he wall tapering:
exponential length (Im)~1. In other words, the length of
each waveguide is close ta 6The bandwidth, which in the _
normalizedgunits used in Figs. 2 and 3, can be about 2.5, for Bo(£) =Bol LIRIL/R(D).

B10=0.4 and1}*=0.286 corresponds to the bandwidth,
Af/f=5.67%.

In a similar way, consider operation near cutoff. In the
limiting case of exact cyclotron resonance and operation
very close to cutoff, Eq(35) yields the growth rate Iny A=At (=1)"Mny (= Loin)s (A2)
=1, which is equivalent to Ifv=I"* In our example, this
means In1’=0.365. Correspondingly, the distance at WhiChWhereAc(n)=(Z/Bfo)[w—s(n)Qo(zc(n))]/w is the cyclotron
the wave amplitude increases Iytimes is equal 10lex,  resonance mismatch for the cutoff cross sectitits

~(ImT)*=2.74, which corresponds 10,/ =1.65. So, the cqordinate 7y, corresponds tofq, defined above
growth rate in this case is a little higher than in the previ-gng

ously considered case of operation at the wave vkith
=0.1w/c. m(n):4(:820/:810)(a’(n)/V(n))(wc(n)/w)

Correspondingly, the cyclotron resonance mismatch in both
tapered waveguides can be determined as

— 4
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APPENDIX: SMALL-SIGNAL GAIN IN A TWO-STAGE f(0)({) is determined by Eq24), in which the beam effects,
TAPERED GYRO-TWT i.e., its right-hand sidéRHS), is ignored. Taking Eq(Al)

_ ) ) ) into account, this equation can be rewritten as
Consider a two-stage gyro-TWT in which the input wave-

guide is linearly down-tapered and the external magnetic
field there is linearly up-tapered while the output waveguide
is linearly up-tapered and the magnetic field there is linearly
down-tapered to maintain the cyclotron resonance condition.
These two tapered waveguide sections can be separated bYrﬁroducing the variablezﬁlf’( {— L)) We can transform
waveguide of a constant radius, which is below cutoff for all ;¢ equation into the know(n )Airy equation
operating frequencies.

The linear tapering of the waveguides allows one to rep-

dzf(o) .
Az a(1) (&= L) f0)=0.

resent the squared normalized axial wave nuniifein Eq. —— =tf(qg, (A3)
(24) as dt
H(zn):(_ 1)@ (£~ L) (A1) the solution to which is the superposition of two Airy func-

tions: f(g)=Bju(t) +Byv(t). To eliminate the divergence of

this solution att— *, we should assum®&;=0. Also,
where n is the stage number, anday=2(28,0  since the wave amplitude is determinedAywe will assume
/,Bfo)(a(n)/v(n)) is the parameter of wall tapering for the B,=1, which yieldsf o)=v(t) [26].
nth stage. Herev(, is the eigennumber of the operating  Using this representation of the field, one can integrate
mode in thenth stage, and,, describes a small slope of the linearized equations for electron motifiiqgs.(22) and(23)].
cylindrical waveguide radiusy ;)= (Rj,— Rmin)/L; and «(,) Below, we will assume that the interaction regions in both
= (Rout— Rmin)/(Lout—L>2); Rins Rout» @nd Ry, are, respec- tapered waveguides are much shorter than the drift space
tively, the input and output radii, and the minimum radius, between them. This allows us, first, to determine the modu-
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lation in electron energies in the first tapered waveguide, and To calculate the integral on the RHS of Ed4), let us
then to calculate the orbital phase bunching in the drift re-use the integral representation of the Airy funct|@b:
gion caused by this modulation. As follows from HG2),

the energy modulation is equal to

V + Xt
W)(Lo) =~ =173 { %fM“] (A4) J_f {
(1)

dx= —— 1 fc L0+ xt] gy
2w )=

(AS5)

Where\7(t)=v(t)exp[if0A(1)d§’}, andA 4 is given by Eqg.
(A2). This leads to the necessity to calculate the integral

F)= fx v dt= L w{ fw ei[(X3/3)+Xt+(Ac(1)+m(1)§c(1))§(m(l)/2)§2]dx}dt_ (AB)

e 2mlo | )=
|
Here we replaced the limits of integratiaff’ andt{!) by d’f, _
*+o0, assuming that the waveguide is long enough. Represent- a7z tap)({— L)t
ing the variableg andx ast’ +(a(1)/m(1))(x+ Ac(l)/a(l))
andx’ — a(l)/Zm(l), respectively, one can rewrite EGA6) il i 2m i(0o—féA(2)d£’>
as 224
o = X —Ew (LoD +i61)(L2)|de

Fm:e—iclf ei[(x'3/3)+x’71]erJ' e (m(l)/2a dt’ 2 M 5out (D3 %in 0

In variablesiv and @ given by Egs(26) (in which we assume
where Cl—a(l)/3(2m(l)) —(a(l)/Zm(l) c(l)) /Zm(l) fOZA),
—Acyley— m(l)gc(l)lz is the phase constant, and

1/2
WMF{%JfWPme

—1/3 —
=) R (A8) D) =t D
1 m(l) ( ) 4m(1) ’ 0( gin ) = W( ZOUI) gdl’ 1 (Alz)

where {4, = ¢{?>— 1) Correspondingly, Eq(A11) can be
In Eqg. (A7) the first integral, as follows from EqA5), is  rewritten as
equal to 2/mv(r,) and the second integral is equal to
E(lf;\/w/m(l)(l— i). (In finite limits the latter integral would
yield a superposition of Fresnel integralés a result, the
electron energy modulation given by E&4) can be repre-
sented as where the output waveguide field is normalizedApt=

%w&m»

2
f
az—tf:BQD(t), (Al?))

Iv_ o T 12 —i(8g+Cq)(q s —(I /a2/3)(§ +is/2)®(¢)

W(l)(gout)_ 2 m( ) ARe{e 01 (1 |)V(7'1)}. (2) dr out/
1

(A9)  ande= exp{—ifggz)A(z)dg“’}. A general solution of the inho-

mogeneous equatia13) is (see, e.g., Ref.27])
In accordance with Eq23), this energy modulation leads

to phase bunching, which at the entrance to the output wave- B
guide will be equal to f=u(t)| Ci— W, <P(t Jv(t’)dt’
B [t
1) (L) =Wy (Lo (L1 = o) (A10) +v(t) C2+v_vf go(t’)u(t’)dt'}, (A14)
tin

Assuming the specified current approximation to be validwhere the WronskiaiW for the properly normalized Airy
for the output waveguide, we can describe the excitation ofunctions is equal to 126]. Here again, in order to avoid
this waveguide by a simplified E¢24): singularities at the entrancést;,, we should assume€;
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=0. Then the constar, can be determined from the de- [ty . ‘C e T 12
mand that at the output=t,, the field should represent an Jt_ e(Ov(Ddt=Ff, =eC22\av(r)aly; Mo

outgoing traveling wave: n
f(tow) = DLU(tou) —i1V(tow ]- (A15)

The fact that such a superposition represents an outgoirfgorrespondingly, the wave intensity at the output can be de-
forward wave follows from the integral representation of thetermined as
functionv(t) given by Eq.(A5) and the functioru(t):

[f(toud|*=[Bl*——== —=Vv*(,), (A20)

1 o0
u(t):\/—;Jo dx, V|toud Me2)

where, fort=t,,— —, the first term can be neglected. So Where forv(toy) andu(te,) we used asymptotic expressions
valid for large negative arguments, a&)?, as follows from

X(1+i). (A19)

—2/3
(27) 3 @)

X3
- +tx

3 .
ef(x /3)+tx+sm 3

w the definition ofB and Eq.(A12), is equal to
f(tow=—1D J el + tou] gy (A16) a{(A12) f
0
i ' ' 2 I(22) 2 2T ,
From comparison of the first term in EGA14) for f(tyy) Bl = =73 Loy —V (71)- (A21)
and C,;=0 with the first term on the RHS of E4A15), it 2

follows thatD= — Bf:f’“t(p(t)v(t)dt. Then the comparison of

i ) , Substituting Eq(A21) into Eq. (A20), one obtains
the last two terms in these equations yields

tout 2m)41%, 45
C2=—BJ e(Hlu(t)—iv(t)]dt. |f(tom)|2=_2,§ ™) iz 4 VA(r)V2(1). (A22)
tin @ yMyM(2) |toul

Correspondingly, the field at the exit can be determined as o ) )
P gy Recall that this field is already normalized to the input am-

N T A tout plitude in accordance with Eq26). Therefore, taking into
f(tout)leJO e outt dxft_ e(Hv(t)dt. account that the input and output powers are also propor-
" (A17) tional to the axial wave numbers in corresponding cross sec-

tions, one can easily obtain the following expression for the
Here the first integral, as follows from Eq#15) and(A16), gain:
is just an integral representation of the superposition of two
Airy functions, so 12, 2v2(T)V3( 1)
G=10 Iog[ (2m-Zoir 2 (A23)
(1) %2)M1)M2)

| et vt +iu ). (19
0
which is essentially the same as one mentioned in Réf.

The second integral in EgA17) is the complex conjugate to Note that in Ref[7] it was suggested thdt, be interpreted
the functionF,, determined by Eqgs(A6) and (A7), in as the distance between cutoff cross sections in both
which index (1) should be replaced by indd®). So, waveguides, which makes this value frequency dependent.
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